International Journal of Applied Mathematics &
Statistical Sciences (IJAMSS) & International Academy of Science,
4

ISSN (P): 2319-3972; ISSN (E): 2319-3980
Vol. 11, Issue 2, Jul-Dec 2022; 43-50 Engineering and Technology

© IASET IASET Connecting Researchers; Nurturing Innovations

FUNCTIONS OF BOUNDED RADIUS ROTATION OF ANALYTIC FUNCTIONS

S.Prema’ & Bhuvaneswari Rajaz
! Assistant Professor, Department of Mathematics, Rajalakshmi Institute of Technology, Chennai-600124, India

2 Assistant Professor, Department of Mathematics, AalimMuhammedSalegh College of Engineering, Chennai, India.

ABSTRACT

The classesV, (a), R, () ,V, (@) and R, (&) of analytic function, We establish a relation between the functions of

bounded boundary and bounded radius rotations.

KEYWORDS: Analytic, Analytic Functions with Bounded Radius and Boundary Rotations, Starlike, Convex,

Subordination

MATHEMATICS SUBJECT CLASSIFICATION: 30C45
Article History

Received: 16 Aug 2022 | Revised: 17 Aug 2022 | Accepted: 24 Aug 2022

1. INTRODUCTION

Let A be the class of functions f of the form

f(z2)=z +i az"
n=2 (1.1)

Which are analytic in the unit disc E = {z: |z| < 1}.

The definition of subordination is f € A is subordinate to g€ A, written as f < g ,there exists Schwarz function

w(z) with w(0) =0 and |w(z)| <1 (z € E) such that f(z) = g(w(z)), In particular, when g is univalent, then the above

subordination is equivalent to f(0)’ = g(0) and f(E) C g(E), for any two analytic functions
f(z)= ianz", g(z2)= ibnz"(z e E). (1.2)
n=0 n=0
then convolution
(f*e)2)= ianbnz” (z€E) (1.3)
n=0
We denote by s (@), c(a), (0<a <l)the classes of starlike and convex functions of order «,

www.iaset.us editor@jiaset.us



44 S.Prem’ & Bhuvaneswari Raja

respectively defined by

s%a)z{fEAﬁ@%%S%>a,Z€E} (1.4)

cla)={f e dizf'(z)es (@), z€E)

"
For ¢ =0, we have the well know classes of starlike and convex univalent functions denoted § and c,

respectively.

Let P, () be the class of functions P(z) analytic in the unit disc E satisfying the properties P(0)=1 and

2
ﬂRem}deskn, (1.5)
0 -«

Where z = rem, k>2,and 0 < « <1, using Herglotz — Stieltijes formula

Po=(5e ro-(5-3 e, ek 6

Where P(c) is the class of functions with real part greater then & and P e P(a), fori=1, 2 we define the

following classes

Rk(a)z{f:feAand ' [leQf"(Z)”f'(Z)] ePk(a),OS/”L<1}, >0
22(f'(z)~ f'(=2)) + (1= D(f(2) - f(~2)) .
Vk(af{f .f < dand o) SeP(a),0< <1}, t>0
Az(f"(2) - f1(=2) +[1= (') - f'(-2)]

A2 17(2) + @yt y + D)2 f7(2) + o (2) S ACH)

Rkl = : A d 2 " " ' '
(@ =] e dand S @~ ") + G- () - 1(=2) (18)
(1= 2+ )(f(2) - f(~2))
0<A<y<l.

iz 1@+ sy e 2 @ @] B(a)

Vo(@)=<f:f € Aand

12 (f1(2) - )+ (A= 1)2(f () - f(~2) (1.9
-2+ n0re)- £ =2
0<A<y<l.
We note that
feV. (D)o zf'eR(A) feV, (1) zf eR,(A) (1.10)
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For A =0,¢=0,7 =0 we obtain the well known classes Ry, Ry, Vi, Vi of analytic functions with bounded

radius and bounded boundary rotations, respectively. These classes are studied by Noor [3] in more details, also it can

easily by seen sz(a) =S"(a)and V,(a) = c(a). Goel [6] proved that f € c(cx) implies that f € s (ar) and

feS(a)
SN
Where = fB(a) = ?—2 2
—In2 , o =—
2 2

and the result is sharp. In this paper, we prove the result of Goel [6] for the classes V), (&), R, (&) .V, (&) and
R, («) by using convolution and Subordination techniques.
2. PRELIMINARY RESULTS

We need the following results to obtain our results.

Lemma 2.1:

Letu =u, +iu,, v=v, +iv, and lP(u, V) be a complex valued function satisfying the conditions

6)] ‘P(u, v) is continuous in a domain D — C?.

(ii)(1,0)e D and Rey/(1,0) > 0,when ever (iu,,v,) < 0 when ever (ju,,v,) e Dandv, < —(;](1 + uzz)

If h(z)=l+cz+... is a function analytic in E. Such that (A(z),zA'(z))eD and

Rey (h(z),zh'(z)) > 0 for z € E, then Re h(2)>0 in E.

3. MAIN RESULTS
Theorem 3.1

Let f eV, (a), then f € R, (), where

(1+2) +4a’ +4a° 2 —da(l1+ 1) +8a° A —da(l+ 1)

1
P=—QRa-(1+1)+2al)+
4 +8-81+81+(1+1°).

Proof:

Let

(A2° f"(2) + 2f"(2)) — (- B\P
A2(f(2) = f(2) + (= A)(f(2) - f(=2)) (=Are=s 3.1)
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ko1 ko1
=(1- ﬁ)HZ + EJPI (2)- (Z - Ejpz (z)} +p (3.2

P(z) is analytic in E with P(0)=1 then

[[222 f7(2)+2 f’(z))] Ao
EFG- realsa-alio-rea) ¢ PO (33)
227 f"(2) + ztf"(2) + (1= B) p'(2)
+(1=A)z+ Azf'(-2)
x2[f'(2) - f'(=2)|+ 1= )1 - B)p(2) + B
1 (222 ez 1) iy
(1-a)| 22[f"(2)= f'(=2)]+(1-D[f () - f(-2)]
1 (22 17(2) + 227" (2) + (1= D)z} - By p'(2) } 34)
=—|(1=-Bpi2)+ B~ :
(-a) {( PP P ey 1o+ (- D~ o)+ ]
1
L+M)p'(z
R ((l_ﬂ)J( +M)p(2)
i = T o 2
(N+O)p(2)+ 1~ 7
Where
L=22"f"(2)
M =2zf"(z)+(1-A)z
N = 22[f"(2) - ()]
0=(1-4)
Since f €V, (), it implies that
! j(L +M)p'
p'(2)
:f_aJri_—’B p(z)+ (l_ﬂ 5 € Py zek (3.5)
- -
(N + Q)(p(z) s ;J
We define
() = 1 z N b z
Par’ =1 (1-2)a 1+b(1-2)" (3:6)
with a = , b= s by using (3.1) with convolution, see [5], we have, that
1-p 1-p
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¢a,b(z) % ¢a,1;(z) ¢a,b(z) %
Z p(z) = (4 2J|: B pi(z )} (4 2j|: Z pz(z)}

Implies

p(z)+
(N+Q-R)(p(z)+b) (4 (N+O)p(2)+b ) \4 2

( (54 AL M, @) }

a(L+M)p'(z) :(Llj[pl(zh a(L+M)p, (2) J_(LLJ

(N+0O)(p,(2)+b
(3.7)
Thus from (3.5) and (3.7) we have
f-a (1-P) o)+ a(L+M)pi’(Z) ep i=12 (3.8)
l-«a (1— ) (N+0O)(p;(2)+b

!
We now from functional y(u,v) by choosing u = p,(z), v=2zp, (z)in (3.8) and note that the first two

conditions of Lemma 2.1 are likely satisfied, we check the condition as follows

121" ()p, ()+ [ (),
[iuz +1_ﬂﬂ][/12(f”(z) - /@) =D @) - )]

Re[w(z'uz,vl)]=ﬁ (f-a)+Re

(227w @+ 1 (z)vlj( (lﬂ ﬂJ

(. B J(ﬂz(f"(z)+f'(z))+(1—ﬂ)j'
wm, +——
-\ (f(2)- f(2)) |

‘ -

= |(f-a)+

T
R

Sardrr@are ){ ﬂﬂ]

s (1 . /),J ]((f(z) F@)+221")

2(/3—00—(<1+u§>f'<z>+zz2f"<z>( b ﬂ]

2(u§+( p JJ((f(Z) F(2) 422 f7(2))

IN
‘H

T
S

(ﬂ—a)—(

(3.9)
1-p

_ A+ Bu;

, 2C >0,
2c
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Where
A=(l_ﬂﬂ)2 [2(ﬂ—06)ﬂ[(f(2) ~f@1+ A2 ()] = [f'(2) + 22" f(2) ] (l—ﬂ)]
B=(1_1m R(B-a)A-P)[(f(2) =[]+ Az" [" ()] =B [f'(2) + 22" ["(2)] (3.10)
C=|u;+ (l_ﬂﬂJ (1= [(f(D) - f@I+A+A) Az” f" ()T
The right hand side of (3.9) is negative if 4 <0 we have

~ R (I+2) +4a” +4a’ P —da(l+ A)+8a’A—da(l+ 1)

p=pla)=, (1+;L)+2a/1)+\/+8—8ﬂ,+8/‘t+(1+/12).

Theorem 3.2

Let f eV, (), then f € R, (), where

I+ A+ p)Y +4a° Py + 6’y —da(l+y)(1+ A)

1
p= 2 Qa -1+ )+ y)+ 2094+ |[+16a° Ay —4at(1+ )1+ y) +8(1+ )1+ y) —1274
+(1+ )0+ ).
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